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that a surface having a double infinity of plane section* that are decomposable curves is either a Steiner's quartic surface or a ruled surface. — Steiner's "Roman Surface" is the quartic having three double lines through a triple point, and is rational, since it can be projected from its triple point upon a plane. The third case is decided by Noether's theorem * that a surface containing a rational system of rational curves is rational.
The conclusion can be condensed now into the form : Every algebraic surface whose plane sections are hyperelliptiG* curves of deficiency 2 or more is either (./) a ruled surface or ($) a rational surface, and in the latter alternative it contains a rational sheaf of conies. This latter phrase obviously rejects two of the alternatives of the preceding paragraph, and this is warranted by the rationality of the surface, the representative system of plane curves being therefore the criterion. For we recall that in a linear system of plane hyperelliptics the p-curves and ^-curves discussed above are component parts of the degenerate ^-curves, and a p coincides with all its q's.
This highly general theorem allows us to study upon plane systems the geometry upon an extensive family of surfaces in space and in hyperspace as well, since the existence of a triply infinite linear system of hyperelliptic curves in a surface is equivalent to the hypothesis that we have used concerning plane sections in ordinary space. And for linear systems of the first kind in a plane reduced types have been found by Castelnuovo,f from which all others are derived by Cremona transformations. It remains to develop to the same extent the theory of systems of the second kind. This would demand an acquaintance with the work of Bertini on plane involutions of index 2, and of Clebsch and Noether on rational double planes.
An extension in another direction has been given by Castel-
f M. Noether : u Ueber Flliclien, welclie Schaaren rationaler Curven besitzen," Math. Annalen, vol. 3 (1871), pp. 173-4. The theorem is more general than that here cited.
* "Sulle superficie algebriche le cui sezioni piane sono curve iperellittiche." Palermo Rendiconti, vol. 4 (1890), pp. 73-88. 2onal geometry," Amer. Jour, of Math., vol. 10 (1888), p. 17.
